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The anomalous tunneling of Bose-ondensate exitations
Yu.Kagan, D.L.Kovrizhin, and L.A.Maksimov
"RRC Kurhatov Institute", Kurhatov Square 1, 123182 Mosow, Russia
(Dated: 15 Otober 2002)
We disuss the tunneling of phonon exitations aross a potential barrier separating two on-
densate bulks. It is shown that the strong barrier proves to be transparent for the exitations at
low energy ε. Moreover, the transmission is redued with inreasing ε in ontrast to the standard
dependene. This anomalous behavior is due to an existene of the quasiresonane interation. The
origin of this interation is a result of the formation of the speial well determined by the density
distribution of ondensate in the viinity of a high barrier.
PACS numbers: 03.75.Fi, 05.30.Jp
The investigation of the tunneling phenomena in the
Bose-ondensed systems beomes one of the most evolv-
ing trends in the BEC studies of ultraold atomi gases,
(see e.g., [1℄ and referenes therein). One of the interest-
ing aspets in this field is assoiated with the problem of
the tunneling of olletive exitations possessing speifi
features in the ondensed phase. The ondensate moving
at veloity v smaller than some ritial veloity vc trans-
mits aross a potential barrier without sattering and
refletion. Exitations of a ondensate at rest, in parti-
ular, sound exitations should experiene the tunneling
transmission together with the refletion. It is signifi-
ant that the motion of exitations takes plae at the
bakground of the inhomogeneous built-up distribution
of ondensate density g (x). The inevitable redution of
g (x) near the barrier results in the appearane of a po-
tential well. For the suffiiently high barrier V ≫ µ
where µ is the hemial potential, the tunneling of ex-
itations under these onditions, as we will see below,
demonstrates an anomalous harater. On the one hand,
the barrier proves to be transparent for phonon exita-
tions within a limited range of low energies. On the other
hand, the oeffiient of tunneling transmission T redues
as the energy of exitations ε grows. This is in ontrast
to the typial growth of T with ε. Suh anomalous be-
havior to a great extent is assoiated with the appear-
ane of a quasi-bound state in the ontinuous spetrum.
The formation of the quasi-bound state is onneted with
the speifi behavior of funtion g (x) in the viinity of
the barrier. Provided the size L of the ondensate is
muh larger than the orrelation length ξ and the bar-
rier is high, the dependene g (x) in essential degree has
an universal harater. As a result, anomalous piture
of tunneling aquires a relatively universal harater as
well. In order to make the exposition ultimate lear,
we onsider one-dimensional symmetrial onfiguration,
namely, two idential ondensates separated by a retan-
gular barrier with height V0 ≫ µ. The general equation
for the Heisenberg field operator of partiles Ψˆ (x, t) has
the form
i~
∂Ψˆ
∂t
=
(
− ~
2
2m
∂2
∂x2
− µ
)
Ψˆ + V (x) Ψˆ + UΨˆ+ΨˆΨˆ. (1)
Hereafter it is impliitly assumed that the transverse size
of the system is suffiiently large. Aordingly a ollision
of atoms has a three-dimensional harater and, as usual,
U = 4pi~2a/m where a is the sattering length. We on-
sider only the ase a > 0.
We start from the onsideration of the ground state,
assuming temperature T = 0. In this ase the operator
Ψˆ an be replaed with the marosopi ondensate wave
funtion Ψ(x) . The equation for Ψ(x) in the dimension-
less form an be written as
i
∂Ψ¯
∂t¯
=
(
−1
2
∂2Ψ¯
∂x¯2
− 1
)
Ψ¯ + V¯ (x¯) Ψ¯ +
∣∣Ψ¯∣∣2 Ψ¯. (2)
Here we introdued the following notations
x¯ = x/ξ, t¯ = µt/~, Ψ¯ = Ψ (U/µ)
1
2 , V¯ = V/µ. (3)
Further we omit bar for all variables in Eq.(2).
Let us find a stationary solution Ψ0 (x) of Eq.(2), as-
suming that Ψ0 (x) = 1 for |x| ≫ 1. Outside barrier
Eq.(2) has the known stati solution
Ψ0 (x) = tanh (|x|+ x0) . (4)
Under the barrier we an find the first integral of Eq.(2),
taking into aount the ondition Ψ′0 (0) = 0
Ψ′0 (x) =
√
(Ψ20 − b2) (Ψ20 + κ20). (5)
Here b2 = Ψ2 (0) , κ20 = 2 (V0 − 1) + b2. The general
solution takes the form
Ψ0 (x) =
b
cn
(√
b2 + κ20x
) , (6)
where cnu is the Jaobi ellipti funtion (see, e.g. [2℄).
In the ase of strong barrier when κ0 ≫ 1 and κ0d > 1
(d = 2a is the barrier width), one an neglet the nonlin-
earity related to the interpartile interation. Equating
solutions (4),(6) and their derivatives at the boundary of
the barrier |x| = a, we derive
Ψ0 (x) ∼= (κ0 sinhκ0a)−1 coshκx, Ψ0 (a) ≈ κ−10 ≪ 1.
(7)
2Let us now onsider the tunneling of exitations prop-
agating at the bakground of the distribution of the on-
densate density. These exitations an be found as osil-
lations of the lassial field of a ondensate (see, e.g.[3℄).
For this purpose, let us represent funtion Ψ in Eq.(2) as
Ψ = Ψ0 +Ψ
′
and linearize the equation in Ψ′
i
∂Ψ′
∂t
= hˆΨ′ + g (x)Ψ′∗, (8)
hˆ = −1
2
d2
dx2
+ V (x) + 2g (x)− 1, g (x) = Ψ20 (x) . (9)
For exitations with energy ε, we will seek the solution
of a set of equations (8) for Ψ′ and Ψ′∗ in the form [3℄
Ψ′ = u (x) e−iεt − v∗ (x) eiεt. (10)
Then we have(
hˆ− ε
)
u− gv = 0, −gu+
(
hˆ+ ε
)
v = 0.
Introduing notations
S = u+ v, G = u− v
(11)
and ombining these equations, we arrive at fourth-order
equation (
hˆ+ g
)(
hˆ− g
)
S = ε2S. (12)
If the solution of S (x) is known, one an readily find
funtion G (x)
εG =
(
hˆ− g
)
S. (13)
Far from the barrier at |x| ≫ 1, we have g (x)→ 1. The
solutions of Eq.(12) in this uniform region are sought as
S ∼ exp (ikx) . As a result, we find four roots
k1,2 = ±k, k =
√
2
(√
1 + ε2 − 1)1/2 ,
k3,4 = ∓iq, q =
√
2
(√
1 + ε2 + 1
)1/2
.
(14)
The first two roots orresponds to the Bogoliubov spe-
trum (in the dimensional variables k → kξ and ε→ ε/µ
respetively). The solutions orresponding to roots k3,4
do not ontribute into the asymptote of the general solu-
tion at |x| ≫ 1 but prove to be signifiant in the regions
lose to the barrier. For ε≪ 1, we have
k = ε, q = 2, (15)
negleting the terms of the order of ε2.
Outside barrier the general solution an be represented
as a linear superposition of basi solutions Si (x) of equa-
tion (12) orresponding to the roots given in (14). Let
exitations fall from the left hand site. Then, omitting
the divergent omponents, we have
S (x) = AS1 (x) +BS2 (x) + CS3 (x) , x < −a
S (x) = DS4 (x) + FS5 (x) , x > a.
(16)
Here the funtions Sn (x) for fixed ε have an universal
form
Sn (x) = e
iknx
(
tanh (−x+ x0) + ikn
2
)
, n = 1, 2, 3
S4,5 (x) = S2,3 (−x) .
(17)
Funtion G (x) an be found from (13) with onserving
the same set of the oeffiients to be determined as in
(16).
Consider now the underbarrier region. Sine g (x) 6
κ
−2
0 ≪ 1, we first find the solution of Eq.(12) omitting
g (x). In this ase Eq.(12) an be rewritten as
(
−1
2
d2
dx2
+ V − 1
)2
S = ε2S. (18)
Inserting the solution as S ∼ exp (−κx) into the equa-
tion, we again find four roots
κ1,2 = ±κ+, κ3,4 = ±κ−, κ± = κ0
√
1± 2ε/κ20 .
(19)
Aordingly, the general solution for the underbarrier re-
gion reads
SB = Ke
κ+x + Le−κ+x +Meκ−x +Ne−κ−x.
Substituting this expression into (13) and involving (19),
we arrive at
GB = −
(
Keκ+x + Le−κ+x
)
+Meκ−x +Ne−κ−x.
Now we an employ that ε/κ20 ≪ 1 and, supposing
εa/κ0 ≪ 1, one an replae κ± with κ0. As a result,
we have
SB = (M +K) e
κ0x + (N + L) e−κ0x,
GB = (M −K) eκ0x + (N − L) e−κ0x. (20)
The boundary onditions at x = ±a yield eighth equa-
tions for the determination of all oeffiients in (16) and
(20)
S (±a) = SB (±a) (α) , G (±a) = GB (±a) (β) ,
dS
dx
∣∣∣∣
±a
=
dSB
dx
∣∣∣∣
±a
(γ) ,
dG
dx
∣∣∣∣
±a
=
dGB
dx
∣∣∣∣
±a
(δ) .
(21)
In order to find the solution in the expliit form, we
restrit ourselves by onsidering the tunneling and re-
fletion of olletive exitations in the sound region or-
responding to the roots (15). In addition, we simplify a
set of equations omitting quadrati terms like k2, kζ1,
3ζ2 (ζ = κ−10 ≪ 1) and involving the smallness of o-
effiients C and F of the order of (k, ζ) with respet
to the other oeffiients in Eq.(16). This simplifiation
yields the equalities M ≈ K and N ≈ L resulting from
Eq.(21δ). Together with the boundary onditions for G
(21β) this gives
F¯ = −D¯ ik
2
, C¯ = A¯
ik
2
− B¯ ik
2
. (22)
Here
F¯ = Fe−2a, C¯ = Ce−2a, B¯ = Beika,
D¯ = Deika, A¯ = Ae−ika.
The remaining set of four equations an be solved
straightforwardly
B¯ = A¯Z (−k2 +
(
k2 + 4ζ2
)
e−4κ0a), D¯ = A¯Z 4ikζe
−2κ0a,
K = A¯Z ζk (k + 2iζ) e
−3κ0a, L = A¯Z ζk
2e−κ0a,
Z = k2 − (k + 2iζ)2 e−4κ0a.
(23)
As a result, returning to dimensional variables, we find
for the tunneling transmission of the exitations
T =
∣∣∣∣DA
∣∣∣∣
2
≈ 16 (k/κ0)
2
e−4κ0a[
(kξ)2 +
(
4 (κ0ξ)
−2 − (kξ)2
)
e−4κ0a
]2 .
(24)
Even for a wide barrier the transmission oeffiient
demonstrates pratially the full transpareny at
k = k∗ ≈ 1
ξ
2
κ0ξ
e−2κ0a.
For k ≫ k∗ and still kξ ≪ 1, the transmission oeffiient
falls with inreasing k
T ≈ 16e
−4κ0a
(κ0ξ)
2 (kξ)2
. (25)
This result is in a drasti ontrast with the typial en-
hanement of T with the growth of k.
Let us onsider a more aurate solution for the un-
derbarrier region, involving the ondensate density g (x)
in Eqs.(12),(13). The expliit form for g (x) an be ob-
tained from the results (6)-(7) for Ψ0 (x) . The numerial
alulation should be performed in order to find the so-
lution of Eqs.(12),(13) for the underbarrier region. The
general solution implies again the use of the boundary
onditions (21). The results of alulations for the de-
pendene T on k are presented in Fig.1. In these figures
the funtion T (k) , obtained with ignoring g (x) in the
underbarrier region, is shown by the dashed lines. The
exat solution shows again the existene of the full trans-
pareny. The only differene is a shift of the maximum
of T to k = 0. With inreasing k, in partiular, in the
region where the asymptoti expression (25) is orret,
the both urves oinide. We intentionally hoose quite
Figure 1: The oeient of tunneling transmission T , as a
funtion of kξ for two sets of parameters: (a) κ0ξ = 8,κ0d =
4; (b) κ0ξ = 3,κ0d = 8. Dashed line orresponds to T (kξ)
obtained with negleting g(x) in the underbarrier region.
different sets of the parameters in Fig.1(a,b) in order to
demonstrate rather universal harater of the T (k) be-
havior. In fat, we see only the hange of the sale of
k-region where the transpareny is high.
The anomalous behavior of the tunneling transmission
of exitations has an interesting origin. In the viin-
ity of the barrier the ondensate density dereases as
tanh2 [(|x|+ x0) /ξ], produing potential wells for the ex-
itations on the both sides of a barrier. In the ase of
a strong barrier the ratio (|x|+ x0) /ξ ≪ 1. In these
onditions a virtual resonane level in the ontinuous
spetrum lose to ε = 0 appears. This results in the
drasti hange of the tunneling piture. As k inreases,
4the quasi-resonane sattering dereases entailing the un-
usual redution of T (k). At kξ ∼ 1 the role of virtual
level redues and the normal growth of T with k should
be restored. We an see it from the inserts in Fig.1(a,b)
where the dependene T (k) is plotted just for this inter-
val of k. Note that in all ases the anomalous tunneling
an be revealed onsidering the refletion oeffiient
R =
∣∣∣∣BA
∣∣∣∣
2
= 1− T. (26)
Treating the tunneling of phonon exitations, it is in-
teresting to trae the formation of energy flux Q. In
the general ase this flux an be found employing the lo-
al form of the energy onservation law. Provided the
Hamiltonian is represented as
H =
∫
E (r) d3r,
E (r) =
~
2
2m
∇Ψˆ+∇Ψˆ + Ψˆ+ (V − µ) Ψˆ + U
2
Ψˆ+Ψˆ+ΨˆΨˆ.
(27)
then
∂E
∂t
= − divQ (28)
Using Eqs.(27) and (1), we find
Q = −~
2
m
Re
(
∂Ψˆ+
∂t
∂Ψˆ
∂x
)
. (29)
Assuming as before that the ondensate is at rest, we on-
sider the energy transfer by exitations. Treating them
as osillations of the lassi field of a ondensate, we have
from (29) for the flux averaged over the time
〈Q〉 = n0 µ
3/2
m1/2
〈
Q¯
〉
,
〈
Q¯
〉
= −Re
〈
∂Ψ′∗
∂t
∂Ψ′
∂x
〉
. (30)
Here n0 is the total partile density, Q¯ is the expression
for the energy flux defined in terms of dimensionless units
(3). Let us onsider again the inident flux of exitations
with energy ε. Inserting the funtion Ψ′ from (10) and
using notations (11), we obtain
〈
Q¯
〉
=
ε
2
Im
(
S∗
dS
dx
+G∗
dG
dx
)
. (31)
Outside the barrier we use the general solution for S
in the form (16) and (17). Taking into aount that
funtion S3 is real and S2 (k, x) = S
∗
1 (k, x) = S1 (−k, x) ,
we find for the region x < −a
Im
(
S∗
dS
dx
)
= |A|2 (1− R) k
2
(
1 + tanh2 (x− x0)
)
,
where R is the refletion oeffiient (26). Aording to
(13) the ontribution into (31) from the funtion G equals
Im
(
G∗
dG
dx
)
= |A|2 (1−R) k
2
(
1− tanh2 (x− x0)
)
.
A sum of both expressions is independent of x, demon-
strating the onservation of the energy flux of exitations.
Let us find the relation between |A|2 and the physial
parameters. Comparing the density of nonondensate
partiles n′ = 1
2
n0 |A|2 in the inident phonon flux with
the known Bogoliubov result (see e.g. [4℄) for the relation
between n′ and phonon density n(k) onentrated in the
k-mode n′ = (µ/~c0k), we find
|A|2 ≈ 2(µ/~c0k)(n (k) /n0). (32)
Here c0 =
√
µ/m is the speed of sound defined for the
density at |x| ≫ a.
Returning to the dimensional units, we find for the
energy flux (29)
〈Q〉 = n (k) c0ε (1−R) . (33)
In order to obtain the flux under the potential barrier
in the expliit form, we neglet again the distribution
of the ondensate density in this region. Taking into
aount the solution (20) and the onditions M ≈ K
and N ≈ L, we find from (31) 〈Q¯〉 = 4εκ Im (KL∗).
The oeffiients K and L are determined in (23) with
|A|2 aording to (32). As a result, the energy flux (30)
aquires the value
〈Q〉 = n (k) c0εT, (34)
where T is the transmission oeffiient (24). At x ≥ a
the flux has the same value (34). Expressions (33) and
(34) demonstrate the onstany of the energy flux in the
system (see Eq.(26)). Note that this is not the ase for
a partile flux. One an show that this flux inevitably
onneted with the transfer of phonon exitations, is not
onserved and depends on x.
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